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Abstract

Broadening of (X-ray) diffraction lines is often due to
the distortion fields associated with lattice defects as
dislocations. A generally applicable flexible model for
distributions of lattice defects and their distortion fields
is presented. The model allows a straightforward
calculation of diffraction-line profiles. Parameters of
the model are the average distance between the defects,
the extent of the distortion fields and the mean-squared
strain. The order dependence of the shape and width of
line profiles is studied as a function of these model
parameters. The adequacy for practical application of
two methods frequently used to analyse X-ray diffrac-
tion-line broadening (the Warren-Averbach analysis
and the Williamson-Hall analysis) is investigated by
applying them to calculating line profiles. The size’ and
‘strain’ parameters deduced by the methods mentioned
are discussed with reference to the strain-field model
parameters. It is concluded that only in limiting cases
can the results be related directly to the microstructure.
Experimental line profiles taken from a ball-milled
tungsten powder are used to show that the line profiles
calculated on the basis of the strain-field model pertain
to realistic situations. It is shown that, in principle, an
interpretation of measured line broadening is possible
directly in terms of strain-field parameters.

1. Introduction

Broadening of (X-ray) diffraction-line profiles is caused
by non-ideal optics of the instrument, wavelength
dispersion and structural imperfectness of the specimen.
In the generally adopted theories (e.g. Warren, 1969;
Wilson, 1970), two kinds of structural line broadening
are distinguished that can occur simultaneously: (i) size
broadening, caused by a finite size of regions in the
specimen diffracting incoherently§ with respect to each
other; and (ii) strain broadening, due to varying

t Appendices written by J. G. M. van Berkum.

} Present address: Philips Research Laboratories, Prof. Holstlaan 4
(WY-42), 5656 AA Eindhoven, The Netherlands.

§Instead of ‘independently diffracting or scattering’, the expression
‘incoherently diffracting’ is used throughout this paper because it has
been used in former discussions (e.g. Warren, 1959).
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displacements of the atoms with respect to their
reference positions. Size broadening is independent of
the order of reflection and strain broadening is order
dependent.

For the application of the theories mentioned above,
it is essential to understand when parts of a specimen
can be considered to diffract incoherently. In general,
the whole irradiated volume of a (polycrystalline)
specimen can be considered as a single coherently
diffracting unit because in reality the diffracted intensity
is determined by the interference of all waves scattered
in the specimen§ (even if they come from different
crystals or grains). Thus, in principle, line broadening
always comprises a size-broadening component reflect-
ing the size of the specimen (even for polycrystalline
specimens) and a (strain) broadening component
reflecting the relative displacements of all atoms in the
whole specimen. In many cases, the latter broadening
component can be subdivided further. Normally, the
specimen-size broadening is very small and it will be
ignored here.

For most polycrystalline specimens, the relative
position and orientation of the grains is so variable
and the number of grains is so large that the phase
differences (reduced modulo2sm) between a wave
scattered by one grain and waves scattered by other
grains take all values between 0 and 27 with equal
probability. The intensity scattered by the assembly of
grains then equals the sum of the intensities scattered by
the grains separately, i.e. the grains diffract incoher-
ently (e.g. Sommerfeld, 1964; Fowles, 1968). In such a
case, the line broadening can (also) be considered to
consist of a size-broadening component reflecting the
size of the grains and a (strain) broadening component
reflecting only the relative displacements of the atoms
within the same grain.

For many polycrystalline specimens, the grain-size
broadening is negligible. It has been argued that owing
to the presence of certain lattice defects even parts
(‘domains’) of grains can be considered to diffract

§ The limited coherency of the incident radiation in the directions
parallel and perpendicular to the direction of wave propagation
[usually ~ 1um and a few tens of nm, respectively, for X-rays
(Cowley, 1981)] is ignored in this paper.
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incoherently. This would imply that the line broadening
can (also) be considered as the combination of a size-
broadening component reflecting the size of the domains
and a strain broadening component reflecting only the
relative displacements of the atoms within the same
domain. However, it has never been shown under which
conditions which lattice defects can cause incoherently
diffracting domains. This is the first problem addressed
in the present paper (§3).

This first problem is investigated by calculating line
profiles on the basis of a generally applicable flexible
model for the strain field in a deformed grain. The
model represents the distribution of lattice defects,
which distort the surrounding material (§2). The line
broadening is calculated rigorously without assuming
that parts of the grain diffract incoherently, i.e. the
interference (phase differences) of all waves scattered in
the grain is taken into account. From the order-
dependence of the calculated line-profile characteristics,
it can be concluded by hindsight if parts of the modelled
grain could also have been considered to diffract
incoherently; i.e. if order-independent ‘(domain) size’
broadening occurs (§3).

The second aim of this paper is to investigate the
meaning of the ‘size’ and ‘strain’ values obtained by
means of current line-profile decomposition methods
(§4). These methods of line-broadening analysis use
measured line profiles of two or more orders of
reflection and try to decompose these into an order-
independent size part and an order-dependent strain part
on the basis of assumptions about the order dependence
of strain broadening. In many applications (e.g. to cold-
worked metals), a significant size-broadening contribu-
tion, much larger than expected on the basis of the grain
size, is found. Such results may be erroneous if the
assumptions used were inappropriate for the specimen
under study or they may be an indication of the presence
of lattice defects with strain fields that give rise to
almost order-independent strain broadening (interpreted
as domain broadening, see above). This second problem
is investigated by using line profiles calculated on the
basis of the strain-field model (§4) and line profiles
measured from a cold-worked specimen (§6.1).

Since one of the line-profile decomposition meth-
ods, the Warren—-Averbach analysis, has been the
subject of many previous discussions, a few comments
on this method in advance may be helpful. The line-
broadening theory developed by Warren & Averbach
(1950) is generally accepted. Also, their analysis
(Warren & Averbach, 1952), developed on the basis
of this theory, to extract the ‘size’ and the (local)
mean-squared strain is correct in principle. The
analysis assumes small even moments of the strain
distributions or approximately Gaussian strain distri-
butions (Warren & Averbach, 1952; see also van
Berkum, Vermeulen, Delhez, de Keijser & Mittemei-
jer, 1994) and it requires determination of the initial
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slope of the size Fourier coefficient curve. This
usually poses problems in practice. As a result, the
size and strain parameters obtained from Warren-
Averbach analyses, as presented in publications, may
be biased to an unknown extent [see compilation of
data in Klug & Alexander (1974) and discussion in
van Berkum, Vermeulen, Delhez, de Keijser &
Mittemeijer (1994)].

The third aim of this paper is to investigate the
usefulness of line-profile simulation on the basis of the
strain-field model presented in §2 for an interpretation
of experimental line broadening (§5 and §6) by matching
simulation to experiment (see also van Berkum, Delhez,
de Keijser & Mittemeijer, 1992). The line-profile
simulation itself involves no assumptions on order-
independent or order-dependent contributions to the line
broadening. Therefore, if adequate strain models can be
developed, this approach can be valuable in diffraction-
line broadening analysis.

2. Model

A line profile I(26), measured as a function of the
diffraction angle 26, corresponds to a profile I'(s, d*) in
reciprocal space with s = [2sin8/l] — d*, where 1 is
the wavelength of the radiation used and where 4*
corresponds to the centroid of I'(s,d*). The profile
I'(s, d*) can be expressed as a Fourier series:t

I's,d*) =K Jff [A(L, d*) cos(2nLs)

L=—c

+ B(L, d*) sin(2nLs)}, )]

where X is (approximately) a constant, A and B are the
cosine and sine Fourier coefficients and L is called the
‘correlation length’, a distance in real space parallel to
the diffraction vector H (i.e. perpendicular to the
diffracting planes). In practice, L is considered as a
continuous variable. Within the kinematical diffraction
theory, the Fourier coefficients of a line profile
broadened by lattice distortions can be written as
(Warren, 1959, 1969):

AL, &%) = (cos(2nd"Z,))

= T pp(Z)cos@rd"z) dz,  (2)
BL. &) = (sin(2rd"Z))

= | pa@)sin@dz) 7, O

where Z; is the elongation that a length L parallel to H
experiences owing to the presence of lattice distor-

tIn textbooks (e.g. Warren, 1969), often a (fictitious) unit-cell
dimension a; in the direction of the diffraction vector is chosen and the
dimensionless quantities n = L/a,, ! = d*a; and hy = (d" + s)a; are
used.
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tions, pz (Z;) is the probability density function of Z;
in the diffracting volume of the specimen and
(...) denotes averaging over the whole diffracting
volume. The factor accounting for the size broadening
owing to the grain size is omitted in (2) and (3), i.e.
the grain size is taken as infinite. A grain-size effect
would obscure the effect to be investigated here (as
mentioned in §1, line broadening is calculated by
considering the grain as a single coherently diffracting
unit; it can then be established afterwards if the grain
could also have been considered as an assembly of
domains scattering incoherently with respect to each
other). If necessary, e.g. for a fine-grained material,
the effect of a finite grain size can easily be included in
the line-broadening calculation.

A specimen usually contains many diffracting crys-
tals, each containing many lattice defects with asso-
ciated distortion fields. Therefore, the strains in such a
specimen can only be described efficiently in a
statistical way. Here, statistical formulations that are
considered reasonable for practice are used to describe
the strain along an axis x parallel to H (see Fig. 1) and
to calculate the corresponding p; (Z;). By substitution
of p; (Z;) in (2) and (3), the Fourier coefficients and
thereby the line profile itself are obtained. If the lattice-
defect positions and their strain-field contributions are
determined by a stochastic process, one observes the
same probability density p, (Z,) along any line parallel
to x. Then, a single infinitely long column along x is
considered representative for all columns making up a
complete three-dimensional specimen. The coordinate x
along x is considered as a continuous variable. The
elongation Z;(x) of the correlation length L can be
calculated from the strain component e,, parallel to x [in
the following, e,, is denoted as e; strain components
other than e,, do not affect Z, (x)]:

x+L/2

Z®= [ e)dr.

-Lf2

@)

On the axis x, a number of positions x; (i is an
integer) occur at which contributions to the strain field
e(x) along x are centred. These positions can be
considered as the ‘projections’ of (point, line or planar)

—H

X3

Xiva

Fig. 1. Crystal defects with associated distortion fields projected onto

an axis x parallel to the diffraction vector H. The projected-defect
distances D; = x; — x,_, are indicated.
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lattice defects close to the axis x (see Fig. 1). The
distances between two successive projected defects
D; = x; —x;_, are considered independent stochastic
variables. For all variables D;, the probability density of
D; = D is given by a function p,(D) with a mean (D).

The meaning of the mean projected-defect distance
(D) for a given three-dimensional spatial distribution of
lattice defects depends on the character of the defect. In
the case of planar defects, the axis x intersects the
defects and the meaning of (D) is straightforward. In the
case of linear defects (o defects per unit area) or point
defects (c defects per unit volume), the defects that are
relatively far from x (e.g. at distances larger than the
average defect distance in space, p~'/2 or ¢ 173,
respectively) do not contribute to e(x) significantly
because their strain fields are shielded by others closer
to x. For a planar section containing x, in a region
bounded by lines parallel to x at distances (a few times)
o172 from x, there are about (a few times) 2p"/2 linear
defects per unit length along x, so that (D) is (a few
times smaller than) 1p='/2 for linear defects. In a
cylinder around x with a radius (a few times) c~'/3,
there are about (a few times) wc!'/? point defects per unit
length along x, so that (D) is (a few times smaller than)
(1/m)c™' for point defects. Thus, the average pro-
jected-defect distance (D) is, according to these
examples, smaller than the average defect distance in
space (here, p~!/2 or ¢™1/3, respectively). If the spatial
distribution of the defects is not isotropic, i.e. different
in the directions parallel and perpendicular to H, this
interpretation should be adapted accordingly.

The total strain field e(x) is written as the sum of
‘component’ strain fields of individual projected defects
e;(x):

o0

e(x)= Y e(x).

i=—00

©)

Each component e;(x) is written as the product of a
dimensionless amplitude a;, different for each projected
defect, and a dimensionless normalized [cf. (29)]
‘spreading’ function f(x —x;), which is, apart from
the location x;, taken equal for all projected defects:

€(x) = a,f(x — x,). ©6)
In reality, the shape and width of the component strain
field may be different for each projected defect (e.g.
depending on the distance from the defect to the axis x
and/or on the orientation with respect to x). In practice,
(6) may already provide a satisfactory description of
measured line broadening (see §6) and then f(x)
represents the ‘average’ shape and width of the
component strain fields. The amplitudes a; are con-
sidered independent stochastic variables. For all g;, the
probability density of @, =a is given by a function
P.(a). Since the centroid of the line profile I'(s, d*) is
taken as its origin, the average strain is nil (Wagner,
1966), which implies (@) = 0.
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In Appendix A, it is shown how the Fourier
coefficients A(L,d*) and B(L,d*) can be calculated
from (2) through (6) for arbitrary functions p,(a), pp(D)
and f(x). In this paper, for p,(a), pp(D) and f(x), three
specific functions are used.

For p,(a), a Gaussian with (a*) as the only parameter
is considered. Since such a p,(a) is symmetrical with
respect to @ = 0, the calculated structurally broadened
line profiles are symmetrical [see above (26); this
implies that the sine Fourier coefficients are nil]. The
use of a Gaussian p,(a) does not imply that Pz, (Z,) and
the associated strain distribution are Gaussian. The
shape of p; (Z,) depends not only on the shape of p,(a)
but also on L and on the functions f(x) and p,(D).

For the projected-defect distance probability density
Pp(D), a & function at D = (D) [see Appendix A(iii)] is
considered in this paper, implying equidistant projected
defects: x; — x;,_, = (D) for all i. For a non-periodic
distribution of defects, see van Berkum et al. (1994),
where it has also been shown that the order dependence
of line broadening can be discussed on the basis of a
periodic distribution of defects. Note that ‘periodically
distributed’ defects do not imply a periodic strain field
e(x) because the amplitudes a; are independent stochas-
tic variables (¢f. Fig. 2). Therefore, the range of
meaningful Fourier coefficients in the present model is
not necessarily limited to small L, as is the case with
models employing periodic boundary conditions (e.g.
Wilkens, 1979).

If the lattice defects are screw dislocations, f(x) is a
Lorentzian with a width depending on the distance
between the axis x and the dislocation line (see
Appendix B). For edge dislocations, the tails of f(x)
show a similar behaviour in a direction parallel to
Burgers’ vector (see Appendix B). From a comparison
of A(L,d*) behaviours calculated using a Lorentzian
shape and wusing other shapes for f(x) [e.g.
f(x) oc exp(—|x|), which occurs on crossing a pure tilt
boundary at right angles (Hirth & Lothe, 1982)], it
appeared that the shape of f(x) is not critical. In the
following, a Lorentzian f(x) with w as the half-width at
half-height is used. Examples of behaviours of the strain

r AN v V

w/iD=1
-——w / (D) = 0.1

e/ <92)112
o

V]

-4

x 1D
Fig. 2. Examples of the behaviour of the strain field e(x) for two
different values of the relative width w/(D) of the component strain
fields using periodically distributed defects, a Gaussian p,(a) and a
Lorentzian f(x).
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e(x) for such cases as described in the last paragraphs
are given in Fig. 2.

From Appendix A, it can be readily verified that, for
any p,(a), pp(D) and f(x), Fourier coefficients can be
expressed in terms of dimensionless quantities exclu-
sively; this is realized here by relating the parameters to
the average projected-defect distance (D): L, = L/(D}),
w, =w/(D), x, = x/(D) and d} = d*(D). This implies
that line profiles of specimens with different (D) (all
other things equal) have line widths proportional to
(D)™' and that they are identical if plotted on an
s, = s(D) scale.

Using periodically distributed projected defects, a
Gaussian p, and a Lorentzian f(x), the Fourier cosine
coefficients A(L,, d}) can be written as [substitute L
d} and (26) into (28) and substitute x; = i(D) and L,
and x, into (34)]:

T ry

172
AlL,.dy)= [ dx,exp ( —2m%d*? 2w, (&) /n

-2

X f: {arctan[(x, — i + L,/2)/w,]

— arctan[(x, — i — L,/2)/w,1}2). (D

Use has been made of a simple relation between the
mean-squared strain (¢?) and (a?): (¢?) = C(a®)/(D)
[(32)] with C according to (29). Note that d* and (€?)
occur only in the combination d*(e?)'/?; ‘therefore,
using d"(e'.'z)”2 as a variable, the influence of both
parameters is investigated at the same time.

Thus, the strain-field model for the specific case
expressed by (7) describes diffraction-line broadening
on the basis of three parameters: (D), d*(¢?)!/? and w,.

3. Order dependence of line broadening

In the following discussion of order dependence of line
broadening, the parameters dealt with are the integral
breadth and the Fourier coefficients of the line profiles,
since these parameters are used in traditional methods
of line-profile analysis.

The behaviour of the cosine Fourier coefficients
A(L,,d}) calculated using (7) is investigated as a
function of the relative length of the diffraction vector
d; = d*(D) (i.e. order of reflection). Since the profiles
I'(s,,d;) are symmetrical with respect to s, =0 [see
second paragraph below (6)], their integral breadths
Bd?) = [I's,. d?)ds,/I'(0.d}) [note that B, = (D),
where B = f I'(s,d*)ds/I'(0,d")] are calculated here
from the cosine Fourier coefficients according to

@®

The behaviour of 8,(d*) as a function of d*(®)"/* and
w, is shown in Fig. 3. As expected, B,(d}) increases

—00

o -1
By = [ T 4, »dL]
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with increasing d?(e?)!/?. The magnitude and rate of
increase strongly depend on the relative width w, of the
strain fields of the individual defects. In the following,
two extreme cases (infinitely broad and infinitely
narrow component strain fields; see §3.1 and §3.2,
respectively) are discussed; then, intermediate cases are
considered (see §3.3).

3.1. Infinitely broad component strain fields

For w, — co, the breadth increases linearly with
d*(e?)'/? (see Appendix C and Fig. 3a):

Bdy) = (2m) 2 d; ()2, ©)

This behaviour is well known for the strain broadening
from specimens with a uniform lattice spacing d within
each grain and a Gaussian spacing distribution over the
grains, where (€?) = ((d%) — (d)?)/(d)* (Stokes &
Wilson, 1944). Note that (9) or its equivalent on a 26
scale [8 = 2(27)"?(e?)!/? tan 4] has often been used for
strain broadening in general.

The Fourier coefficients for w, — oo are given by
(38). They are perfectly Gaussian and strongly order
dependent: In[A(L,,d*) = —(27%(€*)) L2d**. The line
shape of I'(s,) is also Gaussian. The shape, width and
order dependence of I'(s,) are independent of the shape
of pp(D), p,(@) and f(x) (see Appendix C). An
interpretation of part of the broadening considered
here as order independent is out of order.

T T

dmH'?

(®)

Fig. 3. Relative integral breadth 8, of line profiles in reciprocal space
(a) as a function of d:(¢*)'/? for different relative widths w, of the
component strain fields and (b) as a function of d?(7?)'?
(with (%) = w,(¢?)) for infinitely narrow component strain fields
{w, 1 0; (€%} — co; see text below equation (10)] (dashed lines are
asymptotes for w, — oo and w, 0).
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3.2. Infinitely narrow component strain fields

In the limit w, | O, the relative integral breadth
B.(d}) reads [see (44) and Fig. 3(b)]

B.(d;) = [1 — exp(—2n2d;* (n*))]
x [1 + exp(—2m*d* (n*))], (10)

where the dimensionless parameter (n?) = 7w, (&%) is
used to characterize the strain content of infinitely
narrow component strain fields (see Appendix D),
recognizing that, in the limit w, | 0, (¢?) is an
inconvenient parameter to measure the lattice distor-
tions because there is only line broadening if (&%) is
infinite (¢f. Fig. 3a).

For small d* (?)'72, it follows that 8 o« d*2. This case
is related to the broadening observed from ‘paracrystal-
line’ materials (see discussion at the end of Appendix
D). For larger d*(n?)"/?, B,(d*) approaches asymptoti-
cally to 1 [see (10) and Fig. 3]. For d* (2)"/> > 1/2, an
increase of (n?) (strain content) or d* (order of
reflection) does not lead to an increase of the line
breadth.

The Fourier coefficients and the corresponding line
profile for d’(n?)'/? > 1/2 approach [¢f. (43) with
E=0]

AlL,,d)=1—-L, forL, <1; zero otherwise (11)
I'(s,)  sin(rs,)/s2. (12)
Thus, the line broadening becomes completely

independent of (n?)!/? and d°. Apparently, the line
broadening from defects with larger strains confined
to distances very much smaller than the average
projected-defect distance is order independent. This
type of strain broadening can be conceived as pure
‘size broadening’: small but undistorted crystals (here
of size (D)) induce exactly the same I'(s,) as the
strained infinitely large crystal considered here (e.g.
Delhez, de Keijser & Mittemeijer, 1982). If the
defects are not periodically distributed, A(L,,d}) and
I'(s,) have more smoothly decaying tails but the same
conclusions hold for the order dependence and the
correspondence with pure size broadening (van
Berkum et al., 1996).

The model structure producing this type of broad-
ening consists of blocks of undistorted material
(‘domains’) shifted with respect to each other over
distances (D)n; [see (40)]. The phase differences
corresponding with these shifts are 2wd}n; (modulo 2).
For d;‘(nz)” > 1/2, these reduced phase differences
are almost uniformly distributed over the reduced range
of 2 in phase space. Thus, incoherency of diffraction
can be understood for such d*(n?)'/? values (see §1). A
practical example of such a structure is a specimen with
small-angle boundaries with relatively high dislocation
densities in the boundaries, in which the lattice
distortion due to the dislocations in the boundaries is
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large but confined to narrow regions adjacent to the
boundaries [see results for large D/d of Wilkens
(1979)].

3.3. Component strain fields with intermediate widths

For intermediate w,, the dependence pB,(d}) on
d*(e?)'? is complex (see Fig. 3a). For not too small
d:(e*)"*, B,(d*) can be described by a straight line
with, if extrapolated, a positive intercept of the
ordinate. With increasing w,, the slope increases from
0 to (2m)'/?, whereas the intercept decreases from 1
to 0. For w, > 1, the behaviour is almost as for
w, — co. For w, <0.01, B,(d}), at the larger values
of d*(¢*)'/?, behaves almost as in the limit w, | 0 (cf.
Fig. 3b).

The behaviour of the Fourier coefficients for three
intermediate w, values is shown in Fig. 4. The shapes of
the curves change from Gaussian for large w, (Fig. 4a)
to more or less straight lines for small w, (Fig. 4c). The
tails of the corresponding line profiles become more
pronounced with decreasing w,. Here, always a
horizontal tangent in L, =0 is observed because the
calculations pertain to an infinitely long column (see
Fig. 4d; Warren, 1969). For such a case, the curvature
d?A/dL? in L = 0 is proportional to d*2(¢?) (Eastabrook
& Wilson, 1952). Since d;2(e?), which is proportional
to the first term in the Taylor-series expansion for
A(L,, d}), is the same for all sets of Fourier coefficients
shown in Fig. 4(d), the initial curvature is independent
of w,. The next term in the expansion of A(L,, d}) is of
opposite sign and is proportional to L*, (e*) and the
mean squared strain derivative (¢?) (van Berkum et al.,
1994). Since e(x) takes more extreme values and steeper

1

1

(@

w, =003 |

< M
r (2)

L : ‘ 1 0.0 L

(c) @

Fig. 4. Fourier coefficients of broadened line profiles calculated for
three intermediate values (indicated) of the relative width w, of the
component strain fields: (a)-(c) using d} (e)"/* = 1 [first order (1);
upper line] and d (e?)!/* = 2 [second order (2); lower line]; (d)
behaviour at small L, for first order (d*(¢?)"/* = 1; dashed line is
asymptote for w, — 00).
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peaks for decreasing w, (see Fig. 2), both (¢*) and (¢?)
increase with decreasing w, (see also Appendix E).
Consequently, the smaller w,, the smaller the L, value
of the inflexion point of A(L,, ;).

The shapes of a first and a second order of reflection
are markedly different (see Figs. 4a-c): in general, the
tails of A(L,,d}) for the higher order of reflection are
more pronounced in a relative sense [e.g. relative to the
width at A(L,, d}) = 0.5). The tails of the corresponding
line profiles are also more pronounced for the higher
order of reflection. The differences in line width
between a first and a second order of reflection are
influence strongly by w,. In general, the difference
diminishes with decreasing w, (see Figs. 4a-c). Since
order dependence of line broadening can be related to
incoherency of diffraction, this observation can be
interpreted as a gradual loss of coherency of the
diffraction with decreasing w,. In the limit w, ] 0,
incoherent diffraction by the blocks of undistorted
material between the defects (‘domains’) is obtained, as
discussed in §3.2.

The above conclusions pertaining to intermediate w,
values are most relevant for practice (cf. §6.2).

4. Line-profile decomposition (size-strain
separation) applied to simulated line profiles

Methods of analysis based on line-profile decom-
position conceive the line profile I'(s,d*) as the
convolution of an order-independent size-broadened
profile /’(s) and an order-dependent strain-broa-
dened profile I'°(s,d*). Usually, the characteristics
of two (or more) line profiles I'(s, d*) with different
values for the length d* of the diffraction vector are
used to estimate size and strain parameters that are
intended to characterize the microstructure of the
specimen.

In the following, line profiles calculated using (7) are
analysed, in terms of size and strain parameters, as if
they were real measurements, by means of the William-
son-Hall and the Warren-Averbach analyses.

4.1. Williamson-Hall analysis

4.1.1. Procedure. A number of methods use the
integral breadths B(d*) (i.e. areas divided by heights) of
line profiles I'(s, d*) to estimate the integral breadths 85
of I'(s) and BP(d*) of I'°(s, d*) (for an overview, see
Klug & Alexander, 1974). All these methods assume
that BP(d*) o d* [e.g. B°(d*) = (2m)'*ed*, where eisa
strain parameter; ¢f. (9) and its discussion] and that
I'5(s) and I'°(s, d*) have specific shapes. These assump-
tions make them liable to systematic errors. Never-
theless, the methods are applied frequently and
therefore one of them, the classical linear version of
the Williamson-Hall plot, is investigated here.
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In the linear version of the Williamson-Hall analysis
(Williamson & Hall, 1953),1 it is assumed that 8° and
BP(d*) are lmearly additive. Further, 85 is identified
with (Dywy)™' and BP(d*) is identified with
(2m)'Peyyd®, where Dy, and eyy are a size and a
strain parameter, respectively. Therefore, a straight line
is drawn through the data points in a plot of S(d*) versus
d* and the intercept of the ordinate is mtcn;preted as
(Dwy) ™" and the slope is interpreted as @)Y If
more than two orders of reflection are avallable and
they do not lie on a straight line, the analysis should not
be applied.

According to the present model, the behaviour of
B,(d?) as a function of d* (¢?)'/* is always more or less §
shaped (see Fig. 3a). Consequently, the Williamson-
Hall analysis should in fact not be applied. If the
Williamson-Hall analysis is applied nevertheless, the
slope and the intercept can take many different values
dependent on the set of d} employed (even negative

intercepts are possible).

nly ~for relatively large ()2, say
d: e2) 2 > 1/(10w,)2, B,(d?) follows a straight line
(see Fig. 3a) and a Williamson-Hall analysis may be
meaningful. To investigate the meaning of the param-
eters Dyy and ewy in this case, B,.(d}) of a first and
a second order of reflection have been calculated
using d*(€?)"/? = 1/(10w,)'”? for the first order (e.g.
d*=5mm™!, (D)=40nm, w=4nm and (&%) =
25 x 10~%, which appear reasonable values for cold-
worked metals). From these B,(d;) values, the size and
strain parameters Dy, and eyy have been deduced by
means of the Williamson-Hall analysis. Since Dyy and
ewy refer to the size and the strain within independently
diffracting ‘domains’ in the specimen and the line
broadening is calculated from the strain field in an
infinitely long coherently diffracting column, it is not
self-evident what values of Dyy and eyy should be
expected. Rather arbitrarily, Dy, is compared with the
average projected-defect distance (D) and ey,y; with the
root-mean-squared strain (¢2)"/%.

4.1.2. Results and discussion. The results obtained
by means of the Williamson-Hall analysis as a function
of w, are shown in Fig. 5(a).

For very large w,, all broadening is attributed to
strain (i.e. 5 = 0 and Dyy = 00), because B,(d?) «x d}
[see (9)]. The strain parameter ey, equals AV,
Thus, according to the Williamson-Hall analysis, a
smoothly varying strain field induces pure strain
broadening.

For w, | 0, the Williamson-Hall analysis attributes
al] broadenmg to size (i.e. B2 =0 and ey = 0) and

cguals (D). This is understandable too, since
2) 1/(10w,)"”? becomes very large for w, | 0,

1 On a 29 scale, instead of on an s scale, the Williamson-Hall analysis
involves a plot of Bcosé versus sinf. Then, the intercept of the
ordinate is interpreted as 1/Dyy and the slope is interpreted as
202m) ey
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in which case B, approaches 1 and becomes independent
of the order of reflection [see Fig. 3(b) for large
(7*)"/%]. Therefore, the line through the two calculated
data points has zero slope and an intercept of the
ordinate 8, = 1. Thus, in the Williamson-Hall analysis,
the broadening due to a sharply peaked strain field is
interpreted as pure size broadening, with a size
parameter Dy, equal to the average projected-defect
distance.

For intermediate w,, the Williamson-Hall analysis
attributes the calculated line broadening partly to size
and partly to strain (see Fig. 5a). The size parameter
DWH is always larger than (D) the strain parameter eyy
is always smaller than (¢?)"/?. The deviations appear to
be correlated: with increasing w, the decrease of
(D) /DWH approximately equals the increase of

wh/ (€%)'?. However, the relation between the result-
mg values for Dy, and eyy and the simulated strain
field is unclear. In practice, without additional informa-
tion on the nature of the strain field in the specimen,
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Fig. 5. Results of (a) the Williamson-Hall analysis and (b) the
Warren-Averbach analysis as a function of the relative width w, of
the component strain fields. The analyses are applied to a first- and a
second-order line profile, calculated using d ()2 = 1/(10w,)'?
for the first order. The size parameters Dy and Dy, are compared
with the average projected-defect distance (D). The strain
parameters ey and ey, are compared with the root mean squared
strain (¢?)'/% and, in the case of ey, , also with the true (¢7 )'/* ata
relative correlation length L, = 1/2 (for the definitions of the size
and strain parameters, see text).
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Dyy can be anywhere between (D) and oo and eyy
between O and (¢?)'>. The inappropriateness of
Williamson-Hall analyses derives from assumptions
regarding the integral breadths and shapes of the size-
and strain-broadened profiles that do not hold in
general.

4.2. Warren-Averbach analysis

4.2.1. Procedure. Several methods for line-profile
decomposition use the Fourier coefficients A(L, d*) of
two (or more) line profiles I'(s,d*) to estimate,
implicitly or explicitly, the Fourier coefficients A5(L)
of IS(s) and AP(L,d*) of I'°(s,d*) [note that
AS(L)AP(L,d*) = A(L,d*)]. Since a set of Fourier
coefficients represents a line profile in all its details,
such Fourier methods can yield more detailed informa-
tion on the microstructure than methods based on
breadth parameters. A frequently applied Fourier
method is the so-called Warren-Averbach analysis
(Warren & Averbach, 1950, 1952).

In the Warren—-Averbach analysis, it is assumed that
In[A°(L, d*)) = —2n*L?d**(¢?) and consequently that
In[A(L, d*)] = In[A5(L)] — 2n°L?d*?(¢?), where (€}) is
the variance of ¢, , the strain e averaged over a length L
(see also Appendix E).t Therefore, a straight line is
drawn through the data points in a plot of In[A(L, d*)]
versus d*? and the intercept of the ordinate is interpreted
as In[4°(L)] and the slope is interpreted as
—27°L%(e?)wa (the subscript WA is added to (e2) to
distinguish the values obtained by means of the Warren-
Averbach analysis from the true values). If L, 4* and the
strains e(x) are sufficiently small, the assumption used
in the Warren-Averbach analysis is valid and the
relation In[A(L, d*)] versus d*? is linear. To determine if
practical L,d* and e(x) values are small enough, the
linearity of the relation is investigated below for Fourier
coefficients calculated using (7). From A5(L) and (€?)wa
for many L values, a size  parameter
Dy, = lim o [dA® dL]™' and a strain parameter
ewa = lim; 4 (ez)wi can be calculated in principle. In
practice, both limits for L | 0 cannot be determined
reliably and one proceeds otherwise. To obtain a value
of Dy, usually a straight line is fitted to A5(L) in the L
region where it has a reasonably straight portion and
Dy, 4 is taken as the L value at the intersection of the
fitted line and the L axis. For a value of ey, , the value
of (e2)y: at L=Dya/2 can be chosen (Klug &
Alcxandcr 1974).

Next, regardless of the linearity, the Warren-
Averbach analysis is applied here to Fourier coefficients
of first- and second-order line proﬁles calculated using
the same w, and d'(ez)m' as in §4.1. This size-strain

fThe Warren-Averbach analysis can also be performed without
taking the logarithm (Delhez & Mittemeijer, 1976). Advantages and
drawbacks of both versions have been discussed by van Berkum ez al.
(1994).
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separation yields A5(L) and (e?)y, . Although the results
of different practical procedures to calculate Dy, and
ewa (see above) deviate, in particular for Dy, , it was
found that the trend and limiting cases discussed below
are always the same. Here, for Dy,,, a straight line is
fited to A5(L,) for 1/3 <L, <2/3 [this is the
straightest part of A5(L,) for all w,]; for ey,, the
value of (e? )WA at L, = 1/2 is taken. For the same
reason as for Dy and ewy (see §4.1), it is not self-
evident what values of Dy, and ey, should be
expected. As in §4.1, the estimate Dy, is compared
with (D). For ey, the true (¢} }'/? at L, = 1/2 is used
as reference.

4.2.2. Results and discussion. For practical values
of L, d’ and (ez)'/ 2 the linearity of the relation
InfA(L,, r) versus d:? strongly depends on the relative
width w, of the component strain fields (see Fig. 6).
The true lines in Fig. 6 start in A(L,.d})=1 for
d**(e?) = 0. Hence, for all values of L,, a Warren-
Averbach analysis for infinitely small d**(¢?) yields
AS(L,)=1 and Dy, = 0o, corresponding with the
infinite column length considered here. For all L,, the
initial slope also yields exactly the true (¢? ). However,
due to the curvature of the true lines (expfamcd briefly
in Appendix E), straight lines through data points for
practical d*2(¢*) can yield intercepts deviating from
zero and slopes deviating from ("12,,> (see Figs. 6b and
o).

For very large w, (> 1), the true line remains straight
up to large d?(¢?) and the straight line fitted in the
Warren-Averbach analysis coincides with the true line
(see Fig. 6a). Then the ‘true’ values are obtained (see
Fig. 5b): Dy, =00 and ey, = (€2 )"/* at L, =1/2,
which is almost equal to {¢?)"/2 in this case (cf. Flg 11).
Apparently, a smoothly varying strain e(x) does not
break up the column in ‘domains’. The line broadening
is interpreted as pure strain broadening.

For very small w, (< 0.01), the true line is strongly
curved at very small d}*(¢?) and almost straight in the
range where experimental data points are usually
situated (see Fig. 6¢). Since a straight line through the
two data points coincides with a large portion of the true
line, it appears a meaningful description of the
behaviour of the Fourier coefficients, in spite of the
deviation at very small 4;2(¢?). In §3 it was found that,
for the case w, | O, the relatively little distorted regions
between the ‘walls of distortion’ near the projected
defects can be considered to scatter incoherently with
respect to each other. This complies with the almost
horizontal true line (see Fig. 6¢): nearly pure size and
little strain broadening. For w, | 0, the size parameter
Dy, tends to (D) and the strain parameter vanishes (see
Fig. 5b).

For intermediate w, values (~ 0.1), the true line does
not have straight parts (see Fig. 6b). The straight line
through the data points deviates from the true line in an
arbitrary way. Different results would be obtained from
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different pairs of reflections (¢f. Wilkens, 1979).
Knowing the true line, one would not apply the
Warren-Averbach analysis in such a case. If, however,
as usual in practice, only two data points (i.e. two
orders of reflection) are available and the curvature of
the true line is unknown, the results of the Warren-
Averbach analysis deviate from the ‘true’ values in an
unknown way.

An example of the results of the Warren-Averbach
analysis for intermediate w, in terms of A5(L,) and
(€ )wa is shown in Fig. 7. The mean squared strains
(e{)w,\ are much smaller than the true (e7 ), except in
the limit L, | 0. The resulting behaviour of A5(L,) is a
problem in itself. It is curved downward for small L,
which is in contradiction with the theoretical basis of the
Warren-Averbach analysis. Truncation of the line
profiles can cause such a ‘hook effect’ (Young, Gerdes
& Wilson, 1967) but this effect is absent in the present
calculations. Here, the hook effect is exclusively due to
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Fig. 6. Behaviour of In[A(L,, d*)] as a function of 4**(?) for a relative
correlation length L, = 1/2 and three relative widths w, of the
component strain fields: (@) w, = 1, (b) w, = 0.1 and (¢) w, = 0.01.
The dots represent Fourier coefficients of a first and a second order
of reflection with 4* (¢?)'/? = 1/(10w,)"/? for the first order. In the
Warren-Averbach analysis, the intercept of the ordinate and the
slope of the dashed line are used to calculate size and strain
parameters (for w, = 1, the dashed line coincides with the full line).
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the violation of the assumption underlying the Warren-
Averbach analysis. In the calculation of a size
parameter Dy, the theoretically correct method
(using lim 4[d4°/dL])) yields Dy, = oo, which com-
plies with the infinitely long column used in the
calculations. In practice, however, a straight-line fit to
some part of A%(L,) is used, which yields Dy, /(D)
values ranging from 0.6 to 1.2. Further, it follows from
Fig. 5(b) that Dy, and ey, depend strongly on w,. As
in the case of the Williamson-Hall analysis, it is
concluded that, for intermediate w,, the relation
between the values determined for size-strain param-
eters, Dy, and ey, and the strain-field parameters is
unclear. The inappropriateness of Warren-Averbach
analyses derives from assumptions regarding the Four-
ier coefficients of the strain-broadened line profile that
do not hold in general and from the arbitrariness of the
estimate for Dy, .

S. Line-profile matching using the strain-field model

The observed limits of the fields of application of
classical size-strain separation methods show the
necessity for an alternative method for the analysis of
line broadening from distorted specimens. Simulation
and matching of line profiles on the basis of a strain-
field model constitutes such a method. The model
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Fig. 7. Results of the Warren-Averbach analysis applied to Fourier
coefficients A(L,, d;) and A(L,, 2d}) of a first- and a second-order
line profile, respectively, calculated using w, =0.1 and
d:()'* =1 [=1/(10w,)"*] for the first order, in terms of (a)
size coefficients AS(L,) [A(L,, d*) and A(L,, 2d*) have been included
for comparison] and (b) relative mean squared strains (e} )w,/(€%)
[the true (e} )/{¢?) have been included for comparison].
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instrumental broadening for a practically non-transpar-
ent material like tungsten.

The X-ray diffraction-line profiles were recorded on
a Siemens D500 diffractometer using Cu Ko radiation
and a graphite diffracted-beam monochromator. The
divergence of the incident beam was 1° and the
receiving-slit width was 0.05°26. The specimens were
rotated around the normal to their surfaces during the
measurements. For the tungsten specimen, the complete
26 range (27 to 167°) was measured; for the silicon
standard specimen, a sufficiently long range around
each peak. For all profiles, linear backgrounds were
subtracted and the Cu Ko, components were removed
according to Delhez & Mittemeijer (1975). The profiles
were then translated to intensity distributions I'(s, d*) in
reciprocal space (with d* corresponding to the centroid
of I') and Fourier transformed. To obtain Fourier
coefficients of the instrumental line profile for the d* of
the tungsten reflections, Fourier coefficients of the two
nearest silicon reflections were interpolated linearly.
Finally, the Fourier coefficients of the tungsten profiles
were divided by those of the instrumental profiles to
obtain the Fourier coefficients of the structurally
broadened line profiles (Stokes, 1948).

The resulting sine coefficients were small for all
reflections [~ 0.074 (L = 0) at most], indicating almost
symmetrical line profiles. The integral breadths 8 can
then be calculated from the Fourier coefficients using
(8), Here, the range of integration (summation) was
gradually increased and 8 was taken as the plateau value
reached in a plot of the integral versus the range of
integration. In this way, g of the structurally broadened
line profiles was obtained without adopting a specific
shape function.

6.1. Line-profile decomposition using size and strain
parameters

The integral breadths of the eight reflections of the
ball-milled tungsten powder plotted versus d* lie
reasonably on a straight line having a positive intercept
with the ordinate (see Fig. 9a). The last two reflections
show minor deviations from this line, which may be due
to truncation effects (the 321 and 400 reflections
probably have a little overlap and the 400 reflection is
cut at 26 = 167°). Exclusion of the last or last two
reflections from the analysis does not alter the
conclusions reached. Earlier measurements of integral
breadths from tungsten filings yielded results very
similar to Fig. 9(a¢) (Williamson & Hall, 1953;
Langford, 1992). The size and strain parameters
determined from Fig. 9(a) by means of the linear
version of the Williamson-Hall analysis (see §4.1) are
Dyy = 62nm and eyy = 2.5 x 1073, i.e. the broad-
ening is interpreted as partly due to size, partly due to
strain, corresponding to an intermediate w, value.
Hence, according to §4.1, the Williamson-Hall size
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and strain parameters cannot be linked easily with the
microstructure of the ball-milled powder.

The cosine Fourier coefficients of the experimental
structurally broadened line profiles plotted logarithmi-
cally as a function of d*? do not lie on a straight line (see
Fig. 9b). A similar curvature can be observed in other
recently published data obtained from ball-milled
tungsten (Wagner, Yang & Boldrick, 1992). On the
other hand, such curvature was not found by McKeehan
& Warren (1953) and Aqua & Wagner (1964). The
absence of such a curvature may be due to insufficient
annealing of the standard specimen they used (see
Williamson & Smallman, 1956). According to §4.2,
when a Warren-Averbach analysis is applied to pairs of
points (on the curved ‘lines’ of Fig. 9b), parameters are
obtained that cannot be linked easily with the micro-
structure of the ball-milled powder. If it is performed
nevertheless, the results depend on the reflections
incorporated in the analysis. With the use of straight-
line fits to all eight reflections (see Fig. 9b) and the
practical procedures described in §4.2 to calculate Dy,
and ey, the results are Dy, = 17nm and ey, =
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Fig. 9. Behaviours of (a) the integral breadth g as a function of d* and
(b) the logarithm of the Fourier coefficients A(L) as a function of 4*?
for the structurally broadened line profiles (k! indicated at the
bottom) of a ball-milled and fractionated tungsten powder. Dashed
lines (straight-line fits to all eight data points) have been used in the
Williamson-Hall analysis (a) and the Warren-Averbach analysis
(b). Full lines have been calculated from the present strain-field
model using (D) = 21 nm, w, = 0.115 and {¢?)/?> = 6.8 x 1072,
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1.3 x 1073. The results using e.g. only 110 and 220 are
Dy =23nm and ey, =22 x 1073. A (precarious)
extrapolation of (})!/? to L = 0 yields ~ 3 x 107 for
all eight reflections and ~ 5 x 10~* for only 110 and
220. Moreover, the AS(L) curves obtained always show
a small ‘hook effect’.

6.2. Line-profile matching using the strain-field model

Fourier coefficients calculated according to (7) and
(8) have been fitted to the experimental Fourier
coefficients of all eight reflections simultaneously (cf.
§5). It was found that the parameter values
(D) =21nm, w,=0115 and (&)'*=6.8x10?
yield the best fit (see the curved lines in Fig. 9b).
These parameter values indicate that the strain along an
arbitrary direction in the ball-milled powder shows
significant peaks at average intervals of 21 nm, with a
peak-width to peak-distance ratio of (on average) 0.115
[w, = w/(D); see above (7)]. With the recognition that
the data points for L =2nm are probably the least
accurate owing to the unavoidable truncation of the
measured profiles, the curved lines and the data points
agree fairly well. This is remarkable considering the
simplicity of the strain-field model used at present.

The behaviour of the integral breadth corresponding
to the strain-field parameters estimated from the
behaviour of the Fourier coefficients is indicated by
the full line in Fig. 9(a). The discrepancy between the
lines calculated using the model and the experimental
data points in Figs. 9(a) and (b) is mainly ascribed to the
periodic distribution of projected defects adopted in the
model: it can be shown that non-periodic distributions
yield Fourier coefficients that are comparable with the
ones calculated here at small L, but that vanish more
gradually at larger L (van Berkum et al., 1996).
Consequently, such distributions yield smaller 8 values
[f. (9)], with a better correspondence to the present
experimental data.

From the parameter values obtained by fitting
the Fourier coefficients, the results of the
Williamson-Hall analysis and the Warren-Aver-
bach analysis can be predicted: for w, =0.115,
Fig. 5(a) yields Dyy >~ 1.6(D) =33nm and eyy ==
0.33(¢2)'/2 = 2.2 x 1073, and Fig. 5(b) yields Dy, =
0.85(D) = 18nm and ey, = 024(e?)"/* = 1.6 x 1073,
in fair agreement with the results obtained in §6.2. The
somewhat larger discrepancy for Dy, can be explained
by the periodic projected-defect-distance distribution
adopted (see above and cf. Fig. 9a).

The strain values obtained by means of line-profile
decomposition (2.5 x 1073 for eyy; 3-5 x 107% for
(€2)'/* for L |, 0) are significantly smaller than the root-
mean-squared strain value obtained by means of line-
profile simulation (6.8 x 1073). In the past, it has been
observed that stored energies calculated from Warren-
Averbach strains (stored energy is proportional to (%))
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are smaller than those calculated from calorimetric
measurements (Michell & Haig, 1957). The present
results suggest that such discrepancies can be due to
underestimation of the mean-squared strain by the
Warren-Averbach analysis and that line-profile simula-
tion and matching using the present model provides
more accurate root-mean squared strain and stored-
energy values.

7. Conclusions

The diffraction-line broadening due to lattice distortions
associated with crystal defects can be described by
means of a generally applicable model for the strain
field in a column parallel to the diffraction vector. The
strain-field model consists of a superposition of
component strain fields, each of which is associated
with a crystal defect close to the column, with
statistically determined amplitudes and distances
between the projections of the defects onto the column.
In the present model, these amplitudes and distances are
taken to be statistically independent. The average
projected-defect distance (D), the width of the compo-
nent strain fields relative to (D) and the mean-squared
strain resulting from the superimposed component
strain fields are the most important parameters in the
model.

In the strain-field model, the average projected-defect
distance (D) can be used as a scaling parameter The line
width is proportional to (D)™" and depends on the
product of the root-mean-squared strain and the length
of the diffraction vector (or the order of reflection). The
width of the component strain fields relative to (D)
strongly influences the (type of) order dependence of
the line broadening and thereby the results of multiple-
order line-profile decomposition methods, like the
Williamson-Hall and the Warren-Averbach analyses.

For a smooth total strain field, i.e. for wide (relative
to (D)) component strain fields, the line broadening is
strongly order dependent. This is interpreted by the
Williamson-Hall and the Warren-Averbach analyses as
pure strain broadening. For a strongly peaking strain
field, i.e. for narrow (relative to (D)) component strain
fields and for a sufficiently large mean-squared strain,
the line broadening is almost order independent. This is
interpreted by the Williamson-Hall and the Warren-
Averbach analyses as pure size broadening, with a size
parameter equal to the average projected-defect distance
(D). In all other cases, the order dependence is complex
and the line-profile decomposition methods yield
unclear results.

Matching line profiles calculated using a strain-field
model to experimental line profiles provides a method
of diffraction-line-broadening analysis that avoids a
priori assumptions about the type of order dependence
of the line broadening. Thereby, a more versatile
approach to line-broadening analysis is possible.
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APPENDIX A
Fourier coefficients of a line profile for the strain-
field model

According to (2) and (3), the Fourier coefficients
A(L, d*) and B(L, d*) depend on the probability density
pz,(Z,), where Z, is the elongation of a length L parallel
to the column x. To find pz (Z,) for specific functions
pp(D), p,(a) and f(x), two equivalent procedures are
possible. In the first procedure, a set {x;} of projected-
defect positions x; and a set {a;} of amplitudes a; are
generated from the functions p,(D) and p,(a), respec-
tively, for a single infinitely long axis x. Then, Z; is
considered as a function of x along x, and the
corresponding p, (Z;) is calculated from this Z;(x). In
the second proce&ure, which is used in the following in
a slightly modified [see below (15)] way, Z, at a single
arbitrary position x along x is considered for an infinite
ensemble of axes, each with different sets of values {x;}
and {a;}. According to (4), (5) and (6), this Z;({x;}, {a;})
can be written as

Z(x). (@) = 3 2, (13)
where Z; = a;F;(x — x;) and
x+L/2
Fix—x)= fzf(x’ —x;)dx’ (14)
x=L/f

(the order of summation and integration has been
reversed). From this Z,({x;}, {a;}) at the position x,
which is independent of x as long as x is infinitely long,
Pz(Z;) can be calculated. Since the set {x]} is
statistically independent of the set {a,}, it is allowed to
calculate a probability density function [p; (Z,)];,, of Z,
for variable {a;} but fixed {x;} and to calculate the full
probability density p, (Z,) from [ PZL(ZL)](x;) by varying
{x;}. The latter procedure involves integration over all
variables x; accounting for the probability of specific
sets {x;} by a probability density function p,,,({x;}):

pZ,_(ZL) = f e fP(x,-)({xi})[PzL(ZL)](x,-}H dx,. (15

For numerical calculations using (15), it is conve-
nient to keep one of the defect positions fixed, say
Xy =0, and vary only the set {x;}\{x,}, i.e. all the
variables x; except x,. This can be done only at the cost
of additionally introducing a certain variation of the
(initially fixed and arbitrary) position x. Thus, in (15),
the integration over x, should be substituted by an
integration over x. The range (x_,/2,x,/2) is a
sufficient variation of x because, for a certain set
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{x:;J\(xo}, each position x beyond this range [say
(Xt + X,) <X <3(x, +X,41), Where a is a non-
zero integer] is equivalent to (i.e. has surroundings
identical to those of) the position x —x, within the
range (3x’_,, }x}) for the set {x/}\ {x}}, identical to the set
{x;}\{xo} but translated along x over a distance x,:
X; = X;,o — X, Since all possible sets {x;}\{x,} are
considered, it is superfluous to extend the variation of x
beyond the range (x_, /2, x,/2). The probability density
Puni((x:)\{xo}) of the set {x}\{xo}, i.e. of the
variables x; in case x, = 0, follows from the indepen-
dence of the variables D, = x; — x;_; and their prob-
ability densities:

P(x,.)\(xo)({x.‘}\{xo})
= H Pp(X; — X;_1)
=...pp(—x_; + x_)pp(—x_)pp(xX)Pp(x; — X1) . ...
(16)

By substituting (16) into (15), excluding the integration
over x, and integrating x over the indicated range,
which has an average length equal to (D), one obtains

Pz, (Z) = (1/(D)):fo dx, pp(x) 7 dx, pp(x; — x1)...

Xy

o
X f dx_, pp(—x_;)

x [ dx_,pp(—x,+x))...

—00
x/2

x [ dx[pg,(Z)ly, (17
x_1/2

where everything following a differential is the

integrand of the corresponding integration. For the
function [ sz(ZL)](‘:*’ it is immaterial that now x and
{x:;}\ {xo} are fixed instead of {x;}.

Since all variables a; are statistically independent, all
terms Z; in (13) are also statistically independent.
Therefore, the probability density [pz, (Z,)],, of Z, for
fixed x and {x;}\ {x;} but variable {aq;} can be written as
the convolution (denoted as x) of the probability density
functions p; of the terms Z; for all i:

[Pz,_(zl_)](x,.) =..- *Pz_z(ZL) *Pz;,(ZL) *PA(ZL)
* Pz, z) *pz(Z) * ...,
where, with the realization that Z, = F,(x — x,)q;,
Pz,-(ZL) = (pa{ZL/FL(x - xi)})/[FL(x - x)].

(18)

(19)

If the function f(x) decreases with increasing |x|,
F,(x — x;) decreases with increasing |x — x;| [see (14)],
i.e., for increasing |i|, if x is close to x, =0. For
decreasing F,(x — x;), p;, approaches a § function [see
(19)] and § functions can simply be omitted in (18).
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Therefore, only x; and Z; of defects with small |i| have
to be considered in (17) and (18).

After substitution of (17) into (2) and (3), the order of
the integrations over x and {x;}\ {x,} and the integration
over Z; can be reversed so that the resulting cosine
Fourier coefficients can be written as

A(L,d*) = (1/(D}) f dx, pp(x)) f dx, pp(x; — xy)..

X

X f dx_, pp(—x_;)

X1
x [ dx_,pp(—x_,+x_y)...

x1/2
x [ dx[AL,d),, (20)

x_,/2

and the sine coefficients B(L,d*) can be related
accordingly to [B(L,d")},,, where [A(L,d")],, and
[B(L, d")),., are Fourier coefficients for a specific x
within (x_1/2 x) /2) and a specific {x;}\{x,}. These can
be expressed in terms of the moments (Z L)(x) of
[pZL(ZL)](x) by a series expansion of the cosine and
sine, respectively:

AL d)y) = | [pg, (@) cOS@nd*Z,) dZ,

1 — @nd*)' /21 (Z})

+ (2rd")' /402, - 1)
BL ANy = | 1P, @l sin2nd'2,) 42,
= —Qnd"y /31Z}) ) + - .- (22)

A term proportlonal to (Z;), has been omitted in
(22) because it is nil if (@) =0 [see below (18)].
From (13) and the independence of a; and a; for
i#]j, so that (a7 a") = (a]"}{a), the momcnts ZD) s
can be expressed in terms of the moments {@") of
P.(a). Some examples are:

@) = @) 3 Fix—x) (23)
@)y = @) T Fix—x) (24)
(Zi)yy = (@) T Filc—x)+3(@)’

« £ ¥ Rec-0E-x. @)

By substitution of expressions like (23)-(25) into (21)
and (22) and substitution of these into (20) and its
analogue for B(L,d*) (only small |i| are important),
A(L,d*) and B(L,d*) can be calculated without
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evaluating the multiple convolution for [p, (ZL)](X,
[¢f. (18)]. Next, specific functions p,(a), prD) and
f(x) will be considered.

(1) Probability density of strain amplitudes. If p (a) is
taken symmetrical with respect to a =0, then
(@) =0, (Z"*),, =0, [BL,d")],, =0 [see (22)]
and consequently B( d") =0 so that the structurally
broadened line profile is symmetrical. If p,(a) is taken
Gaussian, the expression for [A(L,d")],, is also
simplified significantly. In that case, [p, ( L)]m is a
convolution of Gaussians [see (19)] and thus it is a
Gaussian itself with a variance given by (23). Then, (21)
reduces to (¢f. Warren, 1959, p.152)

[AL, &),y = CXP(—ZJTzdd(Zz)(x,-))- (26)
Note that, although a Gaussian p,(a) implies a Gaussian
[P7,(Z)),; G-e. the probability density of Z; for a
specific x within (x_, /2, x,/2) and a specific {x;}\{x,}),
Pz,(Z;) or p.(e), the probability density of the strain e,
need not be Gaussian. The integrations over x and
{x:;J\{xp} can make the shape of Pz,(Z,) drastically
different from that of [p (Z,)],.;- The shape of the full
pz,(Z;) depends on L and the functions fx), pp(D)
and, of course, p,(a).

(ii) Probability density of defect distances. The
simplest expression for p,(D) is a § function at

= (D):

pp(D) = (D — (D)), @7

which means that the defects are distributed perfectly
regularly: x; = i{D) (‘periodically’ distributed defects).
In that case, (20) reduces to

(D}/2

) f [AL, d")],y dx

—(D)/2

AL, d)=(Q/(D (28)

with x; = i(D) and the expression for B(L, d*) reduces
accordingly.

(iii) Shape of the component strain fields. The shape
and width of the strain fields of the individual lattice
defects is represented by the function f(x). The
following normalization of f(x) is used here:

[>0]
[ ffmdx=C, (29)
where C is an arbitrary length constant [since f(x) is
dimensionless]. With such a normalization, the ‘strain
content’ [e*(x)dx and consequently the stored elastic
energy associated with a single defect in an infinitely
long column is independent of the shape or width of
f(x). Next, it will be shown that, for the present model,
a similar statement holds for a distribution of defects.
The mean-squared strain (e¢*) for a distribution of
defects in a column is calculated as follows. With (5)
and (6) and the additivity of variances of independent
variables, it follows for arbitrary p,(a) that
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@)y = (@) ¥ fx-x), (30)

where (&%) (xy 18 the variance of e at x resulting from
varying all g; for fixed {x;}. To obtain (¢?), {x;} is kept
fixed to an arbitrary set of values and x is varied from
—00 to 0o [cf. the ‘first’ procedure below (14)]:

AJ2

(92) = ,411_?30(1/‘4) f (ez)(x,) dx,

—A/2

@31

where A is the averaging range in x. After substitution
of (30) into (31) and reversal of the order of integration
and summation, the terms f2(x — x;) can be integrated
separately. For A — oo, these integrations yield C [see
(29)] for all defects. The number of such terms (= the
number of defects in A) approaches A/(D) if A — oo
(law of large numbers). Thus, (¢?) is obtained as

(&) = C(d*) /(D). (32)

Hence, in the present model, the mean-squared strain
and consequently the stored energy in the columns with
arbitrary defect distributions are independent of the
shape or width of the component strain fields. This is a
consequence of the independence of the amplitudes of
the component strain fields of adjacent projected
defects.

If f(x) has a Lorentzian shape (see §2.2 for
discussion), it reads

F@) = @C/aw) 11 + (/w)'T™, (33)

where w is the half-width at half-height of f(x). Then,
the integration according to (14) can be performed
analytically and (23) can be written as

(Z}) ) = @w(D)(e?) /)

X i {arctan[(x — x; + L/2)/w]

i=—00

— arctan[(x — x; — L/2)/w]}?, (34)

where C(a?) is eliminated using (32).

APPENDIX B
Strain fields round dislocations

Consider a straight screw dislocation in the z direction
and through the origin of a rectangular coordinate
system (x,y,z) in an infinite elastically isotropic
medium. The only non-vanishing displacement compo-
nent is u, in the z direction (Hirth & Lothe, 1982):

u,(x,y, z) = (b/2m) arctan(y/x), 35)

where b is the length of the Burgers vector. Consider an
arbitrary line making an angle ¢ with the z direction and
having its closest distance A to the z axis at the position
(Xo» Yo» Z)» Where A = (x2 + y3)"/?. Introduce a second
rectangular coordinate system (x’, y’, Z) with its origin

DIFFRACTION-LINE BROADENING DUE TO STRAIN FIELDS IN MATERIALS

at (x,y,2z) = (0, 0, ), the Z direction parallel to the line
and the x’ axis through (x,y, 2) = (xg, yo, Z9) (see Fig.
10). Then, the position (x,y,z) = (xg, ¥y, %) becomes
x,y.7)=(4,0,0). The line is defined by
x.,y,Z)=(4,0,p), where p is a variable. The
coordinates (x, y, z) are related to (x', ¥, Z) by

x=x'cosf —ysinfcosg — Zsinfsing
y=x'sinf+ y cosfcos ¢+ 7 cosfsin ¢

2=2zy— Y sing+ 7 cosg, (36)

where 6 = arctan(xy/y,). In the Z direction, the
displacement u, equals u,cos¢. The strain in the Z
direction e,, is identical to du,/d7. Expressing u,
according to (35) in terms of x’, y’ and Z' using (36), e,
can now be calculated along the line (use x’ = A and
y =0y

ezp = (b/2mA){cos psing/[1 + (Z sinp/AY]}. (37)

Thus, the strain along any line passing a screw
dislocation behaves as a Lorentzian, with an amplitude
and a width depending on the distance and the
orientation of the line with respect to the dislocation
line. For edge dislocations, the same procedure leads to
the conclusion that only the tails of the strain profile
along a line parallel to the Burgers vector behave as
Lorentzian.

APPENDIX C
Infinitely broad component strain fields

If the strain fields of the individual defects are much
broader than the average projected-defect distance
(w>» (D)), the strain e(x) consists of very many
statistically independent contributions e;(x) [see (5)
and (6)]. Therefore, the probability density [p,(e)],,
of e for arbitrary x and fixed {x;} (see ‘second
procedure’ at the beginning of Appendix A) is Gaussian

\<-

X

Fig. 10. The relation between two rectangular coordinate systems
(x,y,2) and (¥',y’,Z) and an arbitrary line (thick line) with its
closest distance to the z axis at (x, y, z) = (xg, ¥g, Zo)-



J. G. M. VAN BERKUM, R. DELHEZ, TH

(central limit theorem), independent of the shape of
p.(a). The variance (e2)w is independent of {x;} owing
to the large number of defects contributing to e(x) if
w > (D). Therefore, (%)~ (¢?), independent of
pp(D). Further, e(x) is approximately constant over
distances much smaller than w (c¢f. Fig. 2), so that
Z,(x) >~ Le(x) [see (4)] for L « w. In that case,
[pz,(Z,)];;, has the same shape as [p,(e)],,,, Which is
Gaussian, and (26) is applicable, even if p,(a) is not
Gaussian. The variance (Z}),,, ~ L*(e?) ., ~ L*(&) is

also independent of ({x;}. Thus, in the limit
w/(D) — 00, (26) reduces to
A(L,d*) = exp(—=27°d"*L*(*))  for L <« w. (38)

If w/{D) = oo and (D) is non-zero, w = 00, so that the
condition L « w can be neglected. Then, the Fourier
transform and, consequently, the corresponding line
profile are Gaussian and the integral breadth can be
calculated from (38) using (9):

B=@m) d (). (39

The above expressions hold for any shape f(x) of the
strain fields of the individual defects.

If w/ (Dz is large but finite, (38) holds approximately.
If d*(e?)'? > 1/w, A(L, d*) decreases virtually to zero
for L « w and the restriction L << w can again be
neglected. For smaller d*(¢?)"?, (38) is not an
acceptable approximation for large L and B deviates
from (39) (¢f. Fig. 3 for w/(D) = 1).

APPENDIX D
Infinitely narrow component strain fieldst

In the limit w/(D) | 0, the strain field of an individual
projected defect is a § function. Therefore, it is enclosed
by the correlation length L completely or not at all. If L
encloses projected defect i, then L is elongated by an
amount (D)n;, where n; = Fa,/(D) with F = [ f(x)dx
[using (33) for f(x), F = (awC)'/?]. In general, if m
projected defects, numbered 1 to m, are enclosed in the
interval [x — L/2, x 4+ L/2], then Z, (x) can be written as

Z,(x) = (D) Zl M. (40)
The probability density of Z;, given that L encloses m
defects is denoted as [p; (Z;)],,. If p,(a) is Gaussian
with a variance (a?), [ pZLzZ,_)],,l is also Gaussian (all g;
are statistically independent) and it has a variance
m(D)*(n?), where (*) = F*(a®)/(D)* [= nw(e?)/(D) if
(33) is used for f(x)]. For fixed {x;}, the interval
[x—L/2,x+ L/2] encloses different numbers m of

t For very narrow distortion fields, i.e. w of the order of the lattice
spacing d, the use of a continuum model becomes questionable.
However, it was shown that Fourier coefficients calculated from
discrete lattice planes displaced according to the present strain-field
model and from the continuum model itself are identical for L values
equal to a multiple of 4.
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defects for different positions x. If the probability that
L encloses m defects is denoted as p,(m), then p; (Z;)
can be written as

Pz, (Z) = Zopm(m)[pZL(ZL)]m' 41)
m=t

Substituting (41) in (2) and solving the integral for each

m separately yields

AL d") = 3 po(m)exp(—2m2d2m(Dy (i)

m=0
= 3 pn(mE™,
m=0

where E = exp(—2m2d**(D)*(n%)).

In the case of a § function for p,(D), i.e. projected
defects are always separated by a distance (D), then a
correlation length L < (D) encloses no projected defects
with a probability p,(0) = (D) —-L)/{D)=1—-1L, or
one defect with a probability p,(1)=L/{D)=L,;
Pm(m) =0 for m > 1. Generally, an arbitrary length
L encloses M defects with a probability
PmM)=M+1—L, or M+ 1 defects with a prob-
ability p,,(M + 1) = L, — M where M is the integer part
of L,; all other p, (m) are nil. Calculating A(L, d*) using
(42) and these p,(m) values yields

AL, d)=M+1—-L)EM +(L, — M)EM*!.  (43)

Note that A(L, d*) has a negative slope in L = 0 equal to
—(1 — E)/{D), which is usually interpreted as indicating
a ‘domain size’ equal to (D)/(1 —E) (e.g. Warren,
1969). This, for strain broadening, unrealistic feature
occurs only for hypothetical infinitely narrow compo-
nent strain fields; for all component strain fields with a
finite width, A(L, d*) is horizontal and curved down-
wards for L = 0 (see Fig. 4 and its discussion in §3.3).

The relative integral breadth S(d*) of a line profile
can be calculated from (43) using (9) by collecting the
terms containing equal powers of E, yielding

B@)={1/20 +E+E*+..)—1]}
=(1-E)/(1+E).

For very small d*Dy(»)'* (.e. E?t1),
B.(d*) ~ m*d**(D)*(n?) (see, for E, below (42)]. The
proportionality 8 o d*? has been derived theoretically
and observed experimentally for the class of ‘para-
crystalline® materials (Kulshreshtha, Dweltz &
Radhakrishnan, 1971). The ideal paracrystal can indeed
be considered as a special case of the model presented in
this paper: infinitely narrow component strain fields
(w/(D) |} 0) with the average defect distance (D) equal
to the average lattice spacing d. Since the root-mean-
squared spacing deviation d(n*)""* in such a structure is
much smaller than the spacing d itself and 4*' is
usually a small multiple of d, the quantity d*(D)(n?)"/2
is small (as required for the discussed quadratic

(42)

(44)
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behaviour of B). The behaviour of B,(d*) for large
d*(D){n*)'/? (i.e. E | 0) is discussed in §3.2.

APPENDIX E

Strain distributions
The results of the Warren-Averbach analysis, as
discussed in §4.2, can also largely be understood
from an investigation of the frequency distributions
pi(ey) of e;(x), the average of e(x) in the interval
[x—L/2,x+ L/2]. The function e,(x) can be consid-
ered as e(x) smoothed by a rectangular window of width
L. Thus, the variance (¢?) decreases continuouslyt with
increasing ‘smoothing’, i.e. increasing L. Because in
the shape function of the strain fields of the individual
projected defects x and w occur only in the combination
x/w [see (33)] and the contributions of the individual
defects to e, are uncorrelated, the behaviours of (e?)
versus L for different w coincide if they are displayed as
a function of L/w. In relative quantities, this statement
holds for (7 ) versus L,/w, (see Fig. 11a). Thus, (ef,)
versus L, decreases faster for small w, than for large w,.
This can be understood from the sharply peaked
behaviour of e(x,) for small w,, which is flattened by
the smoothing much faster than the smooth e(x,) for
large w,.

The shape of p, (e, ) can be characterized by the
kurtosis k; , here defined as (e7 )/(ef )* (see Fig 11b).
For L, > 1, the strain e, (x) consists of many
contributions of different defects of comparable magni-
tude. The contributions are statistically independent
because the values a; are drawn independently. Then,
according